In this note, the standard energy conditions for the n(≥ 3)-dimensional counterparts of the Hawking-Ellis type I to IV energy-momentum tensors are studied. Necessary and sufficient conditions for type I and II are provided as inequalities for the orthonormal components of the energy-momentum tensor in a canonical form. We define type III by a more general canonical form than those adopted by Hawking and Ellis and other authors, which still violates the null energy condition as is the case for type IV.
Introduction
In general relativity, energy conditions for an energy-momentum tensor T µν play a central role to prove powerful theorems independent of the concrete forms of matter fields, which in turn show a deep relation between geometry and matter configurations. An extensive work dedicated to this subject has not declined along the years even at the classical (and semi-classical) level, as revealed by very recent reviews [1, 2] and articles [3] [4] [5] . Moreover, there are new developments at the quantum level in curved spaces. (See [6] for instance.) Indeed, due to its importance, this topic has been discussed in widely used textbooks.
In the well-known book by Hawking and Ellis [7] , a four-dimensional energy-momentum tensor is classified into four types 1 (type I, II, III, and IV) according to the classification of a rank-two symmetric tensor by Segre [14] and necessary and sufficient conditions for the standard energy conditions are presented. (See Page 89 in [7] , Section 5 in [15] , and a paper [2] .) Among them, type III and IV are unphysical because they do not satisfy the null energy condition. Hence, only type I and II are physically important and a variety of matter fields are included in these two types. But unfortunately, the proofs for the necessary and sufficient conditions are absent in [7] and it is difficult to find in the literature.
As in four dimensions, an energy-momentum tensor in arbitrary n(≥ 3) dimensions is classified also into four type [16] [17] [18] . Considering the Jordan canonical matrices, the classification of a rank-two symmetric tensor in five dimensions was done in [19] and then generalized in arbitrary dimensions by the same authors [16] . A different approach for the classification in five dimensions was used in [20] , which can be extended by induction into n dimensions [18] . Theorem 2 in [17] claims that only type I and II satisfy the dominant energy condition also in n dimensions but again without a proof.
Under these circumstances, we provide in this note necessary and sufficient conditions for the standard energy conditions for the n(≥ 3)-dimensional counterparts of the HawkingEllis type I and type II energy-momentum tensors with elementary proofs. These conditions are presented as inequalities for the orthonormal components of the energy-momentum tensor in a canonical form. Also, we present a more general canonical form of type III than the ones adopted by Hawking and Ellis [7] and other authors [2] , which still violates the null energy condition as is the case for type IV.
We prove the equivalence of these two using an orthonormal basis. A set of n vectors
form an orthonormal basis in the local Lorentz frame in a given spacetime. Here η (a)(b) is the metric in the local Lorentz frame and the metric g µν in the spacetime is given by
An orthonormal basis E µ (a) has a degree of freedom of the local Lorentz transformation
. Hereafter, we set E µ (0) being future-directed without loss of generality.
Lemma 1 DEC1 and DEC2 are equivalent.
Proof. v µ and J µ may be written as
Since v µ is timelike, we can set the frame such that v 1 = v 2 = · · · = v n−1 = 0 by a local Lorentz transformation. Suppose DEC1 is satisfied and then we have v 0 > 0, j 0 ≥ 0, and
are satisfied, where j 0 = 0 holds if and only if J µ is a zero vector. In this frame, we have
Inversely, suppose DEC2 is satisfied. Then
0 is satisfied and we set the frame such that v 0 > 0 and
ν is a future-directed or a zero vector and hence DEC1 is satisfied.
Sometimes DEC is stated as "T µν u µ v ν ≥ 0 holds for any future-directed timelike vectors u µ and v µ ", however, it is a necessary condition for DEC as shown below and its inverse is not always true. 
Lemma 2 DEC1 (or equivalently DEC2) implies
which satisfies u 0 > 0, and consider J µ in the form of Eq. (5). For any given u µ , we can set the frame such that u 1 = u 2 = · · · = u n−1 = 0 by a local Lorentz transformation. In this frame, we have T µν u µ v ν = −u µ J µ = u 0 j 0 . If DEC1 holds, then we have j 0 ≥ 0 and hence
Clearly from the description DEC2, DEC implies WEC. Because WEC implies NEC as shown below, if NEC is violated, then WEC and DEC are violated as well.
Lemma 3 WEC ensures NEC.
Proof. An arbitrary future-directed non-zero causal vector v µ may be written as
where 
The above inequality holds in the limit of
Then, by continuity, it also holds for
Main results
Here we summarize the Hawking-Ellis classification of the energy-momentum tensor in arbitrary n(≥ 3) dimensions [16] [17] [18] . The energy-momentum tensor is classified by the extent to which its orthonormal components
ν can be diagonalized by a local Lorentz transformation. This classification is performed by finding eigenvectors n
where
The eigenvalue λ is determined by the following algebraic equation:
As well known, two different eigenvectors n 2 for different eigenvalues λ 1 and λ 2 are orthogonal, which is shown by constructing
Type I energy-momentum tensor
The n-dimensional counterpart of the Hawking-Ellis type I energy-momentum tensor corresponds to the case where there is one timelike eigenvector and (n − 1) spacelike eigenvectors. By a local Lorentz transformation, we can set the orthonormal bases identified by these eigenvectors normalized. Then, the orthonormal components of the type I energymomentum tensor are written as
The Lorentz invariant eigenvalues of T (a)(b) are all non-degenerate and given by λ = −ρ, p 1 , p 2 , · · · , p n−1 . Their corresponding normalized eigenvectors are n (a) = t (a) , w 1(a) , w 2(a) , · · · , w n−1(a) , respectively, where
with which T (a)(b) can be written as
Equivalent expressions of the standard energy conditions for type I energy-momentum tensor (11) are given by
• WEC: ρ + p i ≥ 0 and ρ ≥ 0,
where i = 1, 2, · · · , n − 1. The proofs in four dimensions are presented in Section 2.1 in [26] but we will provide more detailed ones in Propositions 1-4 in the next section.
Type II energy-momentum tensor
The n-dimensional counterpart of the Hawking-Ellis type-II energy-momentum tensor corresponds to the case where there is one doubly degenerated
and (n − 2) spacelike eigenvectors. In this case, we cannot set a coordinate axis point in the direction of k (a) . However, we can set coordinates such that k (a) lies in the plane spanned by E (0)
. Since we can reverse the direction of E
µ , we can set k (0) = −k (1) without loss of generality. Substituting this into Eq. (9) with a = 0 and 1, we obtain
Thus, introducing new variables ν := T (0)(1) and ρ := −λ, we can write the orthonormal components of the type II energy-momentum tensor in the following form:
In the expression of the type II energy-momentum tensor in [7] for n = 4, ν is chosen to be ν = ±1 but it is unhelpful as pointed out in [2] .
The Lorentz invariant eigenvalues of T (a)(b) are λ = −ρ, p 2 , · · · , p n−1 . While λ = p 2 , · · · , p n−1 are non-degenerate and their corresponding eigenvectors are respectively given by n (a) = w 2(a) , · · · , w n−1(a) in Eq. (12), the eigenvalue λ = −ρ is doubly degenerate and its eigenvector is null and given by n (a) = k (a) , where
In terms of these eigenvectors, T (a)(b) can be written as
where η
Equivalent expressions of the standard energy conditions for type II energy-momentum tensor (15) 
Type III energy-momentum tensor
The n-dimensional counterpart of the Hawking-Ellis type III energy-momentum tensor corresponds to the case where there is one triply degenerated 5 null eigenvector n (a) = k and (n − 3) spacelike eigenvectors. In this case, we cannot set a coordinate axis point in the direction of k (a) . However, we can set coordinates such that k (a) lies in the space spanned by E 
µ . Then, we have
(1) . Since we can reverse the direction of E (1) µ , we can set k (0) = −k (1) without loss of generality. Substituting this into Eq. (9) with a = 0, 1, and 2, we obtain
Then, with the above equations, the condition that the eigenvalue is triply degenerate is written as T (2)(2) = λ. Thus, introducing new variables ρ := −T (2)(2) , ν := T (0)(1) , and ζ := T (2)(0) , we can write the orthonormal components of the type III energy-momentum tensor in the following form:
In four dimensions (n = 4), the authors in [7] set ν = 0 and ζ = 1, while ν is fixed as ν = 0 in [2] . We emphasize that the expression (19) is more general to identify energymomentum tensors of this type. Spacetimes compatible with the type III energy-momentum tensor in general relativity are discussed in [5] . Recently, it was shown in three dimensions that gyratons, namely a matter field in the form of a null dust fluid (or equivalently a pure radiation) with an additional internal spin, has the energy-momentum tensor of type III [28] .
The Lorentz invariant eigenvalues of T (a)(b) are λ = −ρ, p 3 , · · · , p n−1 . While λ = p 3 , · · · , p n−1 are non-degenerate and their corresponding eigenvectors are respectively given by n (a) = w 3(a) , · · · , w n−1(a) in Eq. (12), the null eigenvector n (a) = k (a) corresponding to the triply degenerate eigenvalue λ = −ρ is given by Eq. (16) . In terms of these eigenvectors, T (a)(b) can be written as
where η As shown in Proposition 9 in the next section, type III energy-momentum tensor (19) does not satisfy NEC unless ζ ≡ 0 and then it reduces to a special case of type II.
Type IV energy-momentum tensor
The n-dimensional counterpart of the Hawking-Ellis type IV energy-momentum tensor corresponds to the case where there are (n − 2) spacelike eigenvectors and two complex eigenvectors n (a) = s (a) and n (a) = s 
Equations (21)- (23) give
which show that α (a) is spacelike and β (a) is timelike and they are orthogonal. We can still use a local Lorentz transformation in the plane spanned by E (0)
µ and E (1) µ such that the orthonormal basis vectors point the directions of β (a) , α (a) , and other spacelike eigenvectors.
Since we can reverse the direction of E (1) µ , we can set α (1) = 1/ √ 2 without loss of generality. Then, we have α
into Eq. (9) with a = 0 and 1, we obtain
which give T (0)(0) = −T (1)(1) = −Reλ and T (0)(1) = ±Imλ. Thus, introducing new variables ρ := T (0)(0) and ν := T (0)(1) , we can write the orthonormal components of the type IV energy-momentum tensor in the following form:
This is a generalization of the four-dimensional form in [2] . The authors in [7] use a different form of T (a)(b) for type IV but the present version may be more useful as pointed out in [2] .
The Lorentz invariant eigenvalues of T (a)(b) are λ = −ρ ± iν, −ρ ∓ iν, p 2 , · · · , p n−1 which are all non-degenerate. While the corresponding eigenvectors to λ = p 2 , · · · , p n−1 are respectively given by n (a) = w 2(a) , · · · , w n−1(a) in Eq. (12), the eigenvectors s (a) and s * (a) corresponding respectively to λ = −ρ ± iν and −ρ ∓ iν are given by
As shown in Proposition 10 in the next section, type IV energy-momentum tensor (26) does not satisfy NEC unless ν ≡ 0 and then it reduces to a special case of type I.
Proofs
Here we present proofs of the main results shown in the previous section. For this purpose, we write an arbitrary future-directed timelike vector v µ in the following normalized form:
where a i (i = 1, 2, · · · , n−1) and γ(> 0) are arbitrary functions of the coordinates satisfying
Also, we write an arbitrary future-directed null vector k µ as
whereā i (i = 1, 2, · · · , n − 1) are arbitrary functions of the coordinates satisfying
It is noted that, because a local Lorentz transformation has been already used to derive four canonical forms of the energy-momentum tensor (11), (15), (19) , and (26), we cannot use another one again in the proofs.
Type I energy-momentum tensor Proposition 1 NEC for type I is equivalent to
Proof. Using T µν = T (a)(b) E (a)µ E (b)ν and Eq. (31), we obtain
where we used Eq. (32) at the last equality. Therefore NEC is equivalent to
If ρ + p i ≥ 0 (i = 1, 2, · · · , n − 1) holds, inequality (34) is clearly satisfied and hence NEC is respected.
To show the inverse, suppose that inequality (34) is satisfied for anyā i satisfying Eq. (32). Then, the limitā 
and therefore WEC is equivalent to
for any a i satisfying Eq. (30). If ρ + p i ≥ 0 (i = 1, 2, · · · , n − 1) and ρ ≥ 0 hold, inequality (36) is clearly satisfied and hence WEC is respected.
To show the inverse, suppose that inequality (36) is satisfied for any a i satisfying Eq. (30). Then, a i = 0 for all i shows ρ ≥ 0. On the other hand, the limitā 
Proposition 3 SEC for type I is equivalent to
Proof. Using T µν = T (a)(b) E (a)µ E (b)ν and Eq. (29), we rewrite SEC as
where we used Eq. (30). Since Eq. (37) is similar to Eq. (36), we can prove this proposition in the same way as Proposition 2.
Proposition 4 DEC for type I is equivalent to ρ ≥ 0 and
, which is equivalent to ρ ≥ 0 and ρ ≥ |p i |.
Non-spacelikeness of −T µ ν v ν is equivalent to
Since −T Proof. Using T µν = T (a)(b) E (a)µ E (b)ν and Eq. (31), we obtain
where we used Eq. (32). Hence NEC is equivalent to
for anyā i satisfying Eq. (32). If ν ≥ 0 and ρ+p i ≥ 0 (i = 2, · · · , n−1) hold, inequality (41) is clearly satisfied and hence NEC is respected.
To show the inverse, suppose that inequality (41) is satisfied for anyā i satisfying Eq. (32). Then, inequality (41) withā 1 = −1 (so thatā i = 0 for other i) gives ν ≥ 0. With a 3 =ā 4 = · · · =ā n−1 , inequality (41) reduces to
where we usedā 
